Abstract−An equi-differece conflict-avoiding code (CAC e ) C of length n and weight ω is a collection of ω-subsets (called codewords) which has the form {0,
Introduction
The protocol sequence is one of the important topics of multiple-access communication system. In TDMA(Time Division Multiple Access), protocol sequence could be transformed from conflict-avoiding code and it have been investigated in [5, 8, 9] . A conflict-avoiding code (CAC) of length n and weight ω is defined as a family C of ω-subsets (called codewords) of Z n = Z/nZ such that ∆(c 1 ) ∩ ∆(c 2 ) = ∅ for any c 1 , c 2 ∈ C, c 1 = c 2 where ∆(c) = {j − i (mod n) | i, j ∈ c, i = j}. Moreover, A CAC C is said to be equi-difference conflict-avoiding code (CAC e ) if every c ∈ C has the form {0, i, 2i, · · · , (ω −1)i} (see [3] ). Let CAC(n, ω) denote the collection of all the CACs of length n and weight ω. Similarly, the collection of all (CAC e )s of length n and weight ω is denoted by CAC e (n, ω). Let M ω (n) = max{|C| : C ∈ CAC(n, ω)} and we call a code C ∈ CAC(n, ω) of size M ω (n) optimal. Similarly, let M e ω (n) = max{|C| : C ∈ CAC e (n, ω)} and we call a code C ∈ CAC e (n, ω) of size M e ω (n) optimal. Some constructions for optimal CACs of weight 3 and different even length can be found in [1, 6, 7, 12] and the constructions for C ∈ CAC(n, 3) of odd n have been studied in [2, 4, 10, 14, 15] . As for ω > 3, various direct and recursive constructions of optimal CACs for weight ω = 4, 5 have been obtained in [3] . Recently, Lin et al. [13] investigated sizes and constructions of optimal codes C ∈ CAC e (n, 4).
Let C ∈ CAC e (n, ω), 
Let C be a finite set consisting elements as x(x ∈ Z n ). The set
is equivalent to saying that for any x, y ∈ C, a, b ∈ [±(ω − 1)] with (a, b) = (0, 0),
In addition, for a code C ∈ CAC e (n, ω), we have 2(ω − 1)|C| + 1 ≤ n, i.e.,
.
, we call C a perfect code. If n ≡ 1 (mod 2(ω − 1)), then we call a code C of size
quasi-perfect. Obviously, perfect and quasi-perfect codes are optimal.
In this paper we focus on CAC e s for general ω. In Section 2 we show how to combine a C 1 ∈ CAC e (q 1 , ω) and a C 2 ∈ CAC e (q 2 , ω) into a C ∈ CAC e (q 1 q 2 , ω) under certain conditions. One necessary condition for a code C ∈ CAC e (q 1 q 2 , ω) being optimal is given. Moreover, we can obtain many perfect or quasi-perfect CAC e s through this method. In Section 3 we consider explicit construction of perfect C ∈ CAC e (p, ω) of odd prime p and weight ω ≥ 3; indeed, we get a necessary and sufficient condition to construct this perfect C ∈ CAC e (p, ω). In Section 4, we construct quasi-perfect C ∈ CAC e (2p, 4k + 1) for some primes p.
2 Combining two CAC e into a new CAC e The constructions of CAC e for some special length n and weight ω have been obtained. Here, we consider how to combine two CACs under certain conditions and the construction is inspired by Theorem 5 of [11] .
T heorem 1 : Let C 1 ∈ CAC e (q 1 , ω), C 2 ∈ CAC e (q 2 , ω), and gcd(q 2 , (ω − 1)!) = 1. Let
where x 1 , y 1 ∈ C 1 and r 1 , r 2 ∈ Z q2 .
Indeed, if a(
which yields that a = b and x 1 = y 1 . Since gcd(q 2 , (ω − 1)!) = 1, we have r 1 = r 2 and so x = y.
Similarly, if
where x 2 , y 2 ∈ C 2 . Indeed, if
Since x 2 , y 2 ∈ C 2 , we have a = b and x 2 = y 2 . Hence x = y.
We have a = 0 since
This implies that b = 0 which contradicts to the assumption that (a, b) = (0, 0). Part 2) and Part 3) can be easily derived.
Suppose that ax ≡ by (mod q 1 ) for a, b ∈ [±(ω − 1)] with (a, b) = (0, 0). Then
which implies a = b and x = y.
Remark 1. Similarly, we have
and q i being positive factor of n, let
. In the following we will show
which yields a = b, x M = y M and so x = y.
we have x = α + q 2 r 1 with r 1 ∈ Z q1 and 1 ≤ α < q 2 by Remark 1. If ax ≡ by (mod q 1 q 2 ), i.e.,
which implies
We have α = 0 since gcd( q1q2 qi , (ω − 1)!) = 1 which contradicts to the assumption that 1 ≤ α < q 2 . Hence, C ′ ∈ CAC e (q 1 q 2 , k) and
Corollary 1 : Let gcd(n, (ω − 1)!) = 1 and C ∈ CAC e (n, ω) with |C| = M e ω (n). Then |C 
Corollary 3 : Let n = q 1 q 2 · · · q t , gcd( n qi , (ω − 1)!) = 1, and C ∈ CAC e (n, ω) be quasi-perfect. If there exists perfect or quasi-perfect CAC e s in Z qi , then C e i is perfect or quasi-perfect. Conversely, there is a quasi-perfect C e j ∈ CAC e (q j , ω) for some j and each C e i ∈ CAC e (q i , ω) with i = j is perfect, then
Lemma ω) exists. In particular,
∈ CAC e (n, ω) is quasi-perfect and it has q 1 codewords;
2) if q 1 = 2ω − 1, then 1 ⋉ 1 ∈ CAC e (n, ω) is perfect and it has 2ω codewords;
3) if 2ω − 1 < q 1 < 4(ω − 1), then 1 ⋉ 1 ∈ CAC e (n, ω) is quasi-perfect and it has q 1 + 1 codewords.
P roof : Obviously, 1 ∈ CAC e (2ω − 1, ω) is perfect. If there exists a perfect or quasi-perfect code ω) is perfect or quasi-perfect by Corollary 2 and Corollary 3. Precisely,
is quasi-perfect and
The proofs of 2) and 3) are similar to that of 1).
Example 1. Let ω = 3 and q = 65 = 5 × 13. Then 3 Perfect CAC e of prime length
Let λ = ω − 1. We know that a perfect CAC e of length n and weight ω is a code C ∈ CAC e (n, ω) with 2λ|C| + 1 = n. For length n = 2, there is no perfect code C ∈ CAC e (2, ω). For odd prime p,
is a perfect CAC e (p, 2). Let g be a primitive root modulo p and
where ind g (a) is the index of a relative to the base g, i.e., a ≡ g indg(a) (mod p) and 0 ≤ ind g (a) < p − 1.
It is clear that the set
is the multiplicative subgroup of Z * p generated by the integers −1, 2, 3, · · · , λ. Moreover, if a perfect code C ∈ CAC e (p, ω) exists with ω ≥ 3, then p ≡ 1 (mod 2µλ) by Theorem 1 of [11] . For an odd prime p and ω ≥ 3, we will consider explicit construction of perfect code C ∈ CAC e (p, ω).
T heorem 3 : Let ω ≥ 3 and p be a prime such that p ≡ 1 (mod 2µλ). Let g be a primitive root modulo p. We have
is a perfect CAC e of length n and weight ω if and only if
P roof : Suppose
We define S(N ) as follows
and g 0 = g N ′ µλ (mod p) ∈ C which contradicts to the assumption that C ∈ CAC e (p, ω) is perfect.
It's easy to see that |C| = p−1 2λ and in the following we will show C ∈ CAC e (p, ω). Clearly,
For a, b ∈ [±λ] \ {0}, we have a, b ∈ H, i.e.,
Modulo µ we get
. Therefore,
and so r 1 ≡ r 2 (mod λ).
Combining with (2) , this implies that a = b or a = −b.
If a = b, then r 1 = r 2 which implies that
Hence, g i1µλ+j1 ≡ g i2µλ+j2 (mod p).
If a = −b, then
which is a contradiction.
Remark 2. For v being any positive factor of u and gcd(µ/v, λ) = 1, we have
. Thus, the formula (1) of Theorem 3 can be modified as
by the proof of Theorem 3. Hence is a perfect CAC e of length 97 and weight 5.
In Table 1 we give some examples of the first primes that satisfy the conditions of Theorem 3 for
4 On quasi-perfect code C ∈ CAC e (2p, 4k + 1)
Since n ≡ 1 (mod 2(ω − 1)) is a necessary condition for the existence of a perfect code C ∈ CAC e (n, ω),
perfect CAC e can not exist if gcd(ω − 1, n) > 1. However, quasi-perfect CAC e may well exist. In this section, for gcd(ω − 1, n) = 2, we consider explicit construction of quasi-perfect C ∈ CAC e (2p, 4k + 1) of positive integer k and prime p ≡ 1 (mod 4k).
Lemma 3 : Let p ≡ 1 (mod 4k) be a prime where k is a positive integer and let g 1 , g 2 be two primitive elements of Z p . If
P roof : Firstly, g 2 = g s 1 for some s with (s, p − 1) = 1 and so
Modulo 2k we get
Also, we note that ind g2 (i) will run through Z 2k when ind g1 (i) does since (s, p − 1) = 1, i.e.,
T heorem 4 : Let p ≡ 1 (mod 4k) be a prime where k is a positive integer and let g 1 be a primitive element of Z p . If Table 1 : Perfect code C ∈ CAC e (p, ω) 
is a quasi-perfect code in CAC e (2p, 4k + 1).
for some a, b ∈ [±4k], (a, b) = (0, 0) and
If a = 0, i.e., bg 2kj ≡ 0 (mod 2p), then b ≡ 0 (mod p) and so b = 0.
Otherwise both a and b are nonzero. Firstly
Secondly
We note that
Thus by lemma 3 we have a = ±b. Since g 2 ≡ 9 (mod 58), we get the following quasi-perfect code in CAC e (58, 5): C = 9 j (mod 58) | 0 ≤ j < 7 = 1, 9, 23, 33, 7, 5, 45 .
We note that we can replace any elements c ∈ C with 58 − c. So, if we prefer to have all elements less than p−1 2 , this is possible: 1, 9, 23, 25, 7, 5, 13 is a quasi-perfect code in CAC e (58, 5). Therefore, since g 6 ≡ 93989 (mod 172862), we obtain the following quasi-perfect code in CAC e (172862, 13):
93989 j (mod 172862)|0 ≤ j < 7201 .
